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A CHARACTERISATION OF THE BESOV-LIPSCHITZ AND 
TRIEBEL-LIZORKIN SPACES USING POISSON LIKE KERNELS 


HUY-QUI BUI AND TIMOTHY CANDY 

Abstract. We give a complete characterisation of the spaces Bg and F“ by us¬ 
ing a non-smooth kernel satisfying near minimal conditions. The tools used include a 
Stromberg-Torchinsky type estimate |2Qj for certain maximal functions and the concept 
of a distribution of finite growth, inspired by Stein m- In addition, our exposition also 
makes essential use of a number of refinements of the well-known Calderon reproducing 
formula. The results are then applied to obtain the characterisation of these spaces via 
a fractional derivative of the Poisson kernel. Moreover, our results offer an approach 
to deal with the calculus modulo polynomials in homogeneous function spaces, a subtle 
problem raised recently by Triebel [23] . 
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1. Introduction and statements of main results 

We aim to characterise the Besov-Lipschitz space B^ q and the Triebel-Lizorkin space 
Fp q using a kernel 0 which satisfies near “minimal” conditions regarding cancellation, 
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smoothness and decay. In particular, we give a direct characterisation that works in the 
full scale a 6 M, 0 < p, q ^ oo in the important case of fractional derivatives of the 
Poisson kernel (in other words, via harmonic functions). In addition, in the case a < 
we give a general characterisation of B^ q and F° as subsets of S' (rather than the more 
standard S'/V)] see Remark [131 below. 

The Besov-Lipschitz and Triebel-Lizorkin scales of spaces arise in many applications 
in mathematics. In particular, they are of crucial importance in interpolation theory 
mini 122] and contain many well known function spaces in mathematical analysis. For 
instance, F® 2 is identified with the real-variable Hardy space H p of Fefferman-Stein [10], 
while F ^ 2 is identified with BMO , the space of functions of bounded mean oscillation [12]. 


To facilitate the discussion to follow, we begin by recalling the definition of the homoge¬ 
neous Besov-Lispchitz and Triebel-Lizorkin spaces following Peetre mm (see also [22]). 
All functions and distributions are defined on the Euclidean space unless otherwise 
stated. Let <p G S such that supp <p = {1/2 ^ |£| ^ 2} and for every £ ^ 0 


^£(2-L£)£(2-L£) = 1. (1) 

iez 

The function (p is fixed throughout this article. Given a function (ft : M n —» C we let 
<f>j(x) = 2 jn 0(2- ? x) denote the dyadic dilation of (ft. Somewhat confusingly, for t e R with 
t > 0, we let (ftt(x) = t~ n 4>{t~ l x) denote the standard dilation. It should always be clear 
from the context the type of dilation we are using. 

Let 0 < p, q ^ oo and a G M. The (homogeneous) Besov-Lipschitz space 2?“ is then 
defined as the class of all tempered distributions modulo polynomials / G S'/V such that 

11111%, = (E( 2J “II^* /lu-)’)' <°°' (2) 

v jez ' 


Similarly, for 0 < p, q ^ oo, p ^ oo, and a6l, the (homogeneous) Triebel-Lizorkin space 
Fft/ q is defined as the class of all / e S'/V such that 


E 

jez 




< cxo. 


Lp 


(3) 


The definition of F^ oq is slightly different. The problem is that a naive extension of (J3]) 
to the case p — oo leads to spaces which are not independent of the choice of kernel, and 
moreover the expected identification F/ft, 2 = BMO fails; see the discussion in Section 5 
of |12j . Instead, following the work of [12] we dehne 

1 

II/IIf S i , = SU P * f{x)\) q dx\ 

Q \ I V| JQ / 
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with the interpretation that when q = oo, 


ll/ll 


pot 

00,00 


sup sup 7 ^ 7 / 2 ja \p j * f(x)\dx, 
Q M Jq 


(4) 


where the sup is over all dyadic cubes Q, and £(Q) = log 2 ( side length of Q ). The 
above interpretation for the norm II • 11™, is taken from ITI where one can also find the 
embedding F“ >q C F" i00 = i0O . 

Observe that elements of the quasi Banach spaces B“ and F^ q are equivalence classes 
of distributions modulo polynomials. However we often make a common (and harmless) 
abuse of notation by regarding elements of B^ q and F° as distributions, rather than 
equivalence classes. 


The fundamental and central result in the study of the spaces B^ q and F^ q is the 
independence of these function spaces on the choice of the kernel function <p. Thus, given 
a kernel ^ 6 <S satisfying certain conditions, if we replace p in (j2J) and (j3J) with 0 6 5 we 
have an equivalent norm. This independence was initially established in the pioneering 
works of Peetre mm for all Besov-Lipschitz spaces and for the Triebel-Lizorkin spaces 
when p < 00 , and the result applied in particular to band-limited kernels. The method 
used by Peetre was inspired by the real-variable theory for various maximal functions, 
developed in the seminal paper [10] by Fefferman and Stein. The result for 00 was 
proved later in [L2] (see also 0)- After further partial results by Triebel [2T1 [22] , the 
essentially optimal conditions, at least in the Schwartz case 0 6 5, were developed in 
Bui, Paluszyhski and Taibleson in 0, 0 and [7] where it was shown that we have an 
equivalent norm for any / 6 S'/V, provided that the kernel 0 6 5 satisfies the following: 

(I) (Vanishing moments ) The kernel 0 has [cc] vanishing moments, thus 


x K ijj(x)dx 


0 


for every |/c| 0 [a], with the understanding that no condition is required when 
a < 0 . 


(II) ( Tauberian condition) The kernel 0 satisfies the Tauberian condition ; that is, for 
every £ 6 S™ -1 there exists a, b 6 M (depending on £) with 0 < 2 a <b such that 
for every a <t < b 

10001 > 0. 

Here, given a 6 Rwe let [a] denote the integer part of a. Note that the conditions (I) 
and (II) do not require that the kernel 0 is band-limited. Thus, for example, it is possible 
to characterise the Besov-Lipschitz and Triebel-Lizorkin spaces with derivatives of the 
Gaussian kernel e~\ x \ 2 . 
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In this paper we consider the problem of removing the assumption ip € S. Our key 
goal is to give conditions on the kernel that are simply stated and easily checked, while 
still being as close as possible to be optimal. Moreover, they should apply in particular 
to the important case of fractional derivatives of the Poisson kernel (1 + \x\ 2 ) i~. 

The first, and somewhat obvious, obstacle in the non-smooth case ip S, is that to 
define the norms (J2J) and (J3|) we need to be able to define the convolution ip * / for 
arbitrary f E S'. This is clearly not possible unless ip is infinitely differentiable and all its 
derivatives are slowly increasing. As our main application, the Poisson kernel, does not 
satisfy the last conditions (its Fourier transform is not differentiable at the origin), we need 
to restrict the class of distributions slightly to a natural class of admissible distributions. 
To this end, inspired by Stein [T9], we introduce the concept of distributions of bounded 
growth. 

Definition 1.1. [Distributions of growth d] We say f E S' is a distribution of growth 
£ ^ 0 if for any (p E S we have (p* f — 0( |:r| £ ) (as |x| —> oo). 

The importance of this definition is that it allows us to make sense of the convolution 
ip * f when ip ^ S. 

Definition 1.2. Assume / is a distribution of growth t. Then if (1 + | • | Yip E L 1 we 
define the convolution ip * f E S' as 

V’*/(0)=/ ip(x)((p* f)(x)dx, <pES, 

where (p{x) = <p(—x). This definition coincides with the pointwise definition for ip * f 
when / = 0( |x|^) is locally integrable. 

We note that Stein used the concept of a bounded distribution (the case £ = 0 in Defi¬ 
nition [FT]) to characterise the Hardy spaces H p using the Poisson kernel (see [19, TO]). 

Before proceeding to state the main theorem we prove, we discuss the key conditions 
we require on our kernel. To this end, we take parameters A ^ 0 and m, r E M, and 
suppose ip E L 1 (M n ). 

(Cl) ( Cancelation ) Let ip E C m+1+ ^(M n \ {0}) such that for every \k\ ^ n + 1 + [A] we 
have 

d K $=0( |£r“ N ) as |£| -A 0. 

(C2) ( Tauberian condition) The kernel ip satisfies the Tauberian condition (as in (II) 
above). 

(C3) ( Smoothness ) Take ip E C' n+1+ [ A l(M n \ {0}) such that for every |k| ^ n + 1 + [A] 
we have 

= 0(\f\- n ~ m ) as |£| —>■ oo. 
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The parameters A and m roughly correspond to the decay and smoothness we require 
on a component of our kernel 0. More precisely if 0 G S has Fourier support away from 
the origin, then -0 G C' n+1+ f A l(lR Tl \{0}) implies that 0*0(x) = 0{\x\~ n ~ l ~^) as |x| —> oo. 
Thus larger A requires more decay on the part of 0 with Fourier support away from the 
origin. Similarly, if (C3) holds, then 0 G Thus the larger we take m, the 

smoother the kernel 0 is required to be. 

On the other hand, the parameter r and the cancellation condition (Cl) are closely 
related to the vanishing moments condition (I). More precisely, if 0 G S then it is easy 
to check that 0 has [a] vanishing moments (i.e. (I) holds), if and only if (Cl) holds 
with a < r ^ [a] + 1. Of course if 0 0 S then the relationship between (I) and (Cl) is 
somewhat complicated, but roughly speaking (I) requires more spatial decay, while (Cl) 
requires more regularity of 0 near the origin. It is worth pointing out that it is possible 
to prove the characterisations below with (Cl) replaced with (I), but this requires more 
decay on the kernel 0 and leads to less optimal conditions. Instead we have chosen to 
use conditions on the Fourier transform of 0, as firstly this matches up very well with 
our intended application to the Poisson kernel, and secondly, in the authors’ opinion the 
conditions (Cl), (C2), and (C3) form an acceptable balance between the sharpness of 
our result, and the simplicity of its statement. 


It is natural to split the characterisation results into two theorems: “Necessary Condi¬ 
tions” and “Sufficient Conditions”. This is due to fact that, as noted in [5], each theorem 
requires a slightly different set of assumptions. The essential assumption for the former 
is the cancellation property of the kernel, expressed by the condition (Cl), while for the 
latter the Tauberian condition (II) stated earlier in the introduction is critical. Other 
conditions, such as the decay at infinity of the kernel in the frequency domain expressed 
by the smoothness condition (C3), are needed to define the convolution with distributions 
of finite growth. 


In the necessary direction, the statement of our result is expressed using a maximal 
function introduced in the work of Peetre |16j. Given a kernel 0, if / G S' is such that 
each 0j * f is a function, one defines the Peetre maximal function by 


x I* t( \ \^j*f(x~y)\ 

00- / T = 0 ■ \t(x) = sup —f - . 

' ye R» (1 + 200) A 


x G 


(5) 


where A > n/p in the Besov-Lipschitz case and A > max{n/p, n/q} in the Triebel-Lizorkin 
case (with A > n for the space OQ ). Unless otherwise stated, the number A satisfies 
these conditions throughout this work. 

In the rest of the paper we write A < B when there exists a positive constant C such 
that A ^ CB , where C may depend on the parameters such as n,a,p,q ,... but usually 
not on the variable quantities such as the distribution /. When j, k G Z we write j < k 
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to mean that j ^ k + c for some c6Z independent of j and k. 


We can now state our main results. We start with the necessary direction. 


Theorem 1.1. Let a G M and 0 < p, q ^ oo. Let 1^0 with £ > a — Assume 
(1 + | • | )^0 G L 1 and that 0 satisfies the cancellation condition (Cl) and smoothness 
condition (C3) for parameters A ^ 0, r > a, and m > A — a. 

(i) Let f e B£ q and A = ^. Then there exists a polynomial p such that f — p is a 
distribution of growth £ and we have the inequalities 


and for any 0 G S 


E 

jez 


2 JC 


sup|0 t *0j * (/ - p)\ 
t> o 


LP 


< 


(7) 


(ii) Similarly if f e F(f q and we let A = max{^, (with A — n when p = q = oo), 
then there exists a polynomial p such that f — p is a distribution of growth i and 
if p < oo 

" ‘E( 2 

jez 


0 ||J ||F“ j 
Lp p,q 


and for p = oo 


sup 

Q 


Wl L E (2 




< 


pet 

oo,q 


Furthermore, if f E S, we have for p < oo 

Y (2 J “ sup |0 t * tpj * (/ - p)|) 


i 

9 \ 9 


t>0 


0 ||J IIF“ 
LP P’i 


and p = oo 


sup ( j^j Y ( 2J “ ! U P I & * '•Pj * (/ - p) (x) I ) 


Q 




t> 0 


< 


( 8 ) 


(9) 


( 10 ) 


( 11 ) 


Remark 1.1. A few remarks are in order. 

(i) When q = oo, the inequality (TTT1) is interpreted similarly to the definition of the 
7^,co- n °rm (®); i.e., 

sup sup -J- [ (2 ja sup \ <f) t * * (f — p)(x)\')dx < ||/||pc . 

Q j>-£(Q) \Q\ JQ t>0 

We adopt this interpretation hereafter in all the theorems and proofs. 

(ii) The assumptions on the kernel 0 ensure that each convolution 0j * (/ — p) is well- 
defined and moreover is a continuous function (see Theorem 13.11) . This is a consequence 
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of two key steps. The first is to show that if / G Bf q (or / G ), then there is a 
polynomial p such that f — pis in fact a distribution a growth l > a — ^ (see Theorem 12.21 
and Corollary 12.3p . Thus we can define the convolution ip * (/ — p) as a distribution via 
Dehnition ll.il The second step is to use a version of the Calderon reproducing formula to 
deduce that the distribution ip* (/ — p) is in fact a continuous function (see Theorem 13.lib 
It is important to note that both of these steps rely crucially on the fact that we assume 
/ G Bf q (or / G Fp q ), and thus have some control over the growth and smoothness of 
the distribution /. 

(iii) Given <p G S with f (f> ^ 0 and 0 < p ^ oo, the characterisation of the real-variable 
Hardy space H p , defined by Fefferman and Stein in [TO], gives 


sup | (j> t *g 
t> o 


Lp 


IMI HP- 


(Note that when 1 < p ^ oo, H p = L p with equivalent norms.) Thus it follows from ( 171 ) 
that 


Y ( 2J “ Vh *{f-p) 


jez 




( 12 ) 


(iv) Since \ipj* g\ is clearly dominated pointwise by ip*g we may replace (J6]) with 


(E( 2 io ife*(/-p)iw , )'^ii/n^.,- < 13 ) 


Similarly we may replace the Peetre maximal function ipj(f — p) in (JHJ) and (J9J) with the 
standard convolution \ipj * (/ — p)\. 


We next consider the converse to the above theorem; that is, to find sufficient conditions 
on the kernel ip and the distribution / such that the reverse inequalities to those in 
Theorem 11.11 holds. We emphasise that the results in this sufficient part are the main 
contribution of this paper. As soon as the assumption ip G S is dropped, one immediately 
runs into the difficulty of defining the convolution ipj * / when f E S'. The situation is 
different from the necessary result in Theorem 11.11 where we already knew that / G B^ q 
or / G Fp q , and therefore the convolution given in Definition 11.21 can be seen to be a 
continuous bounded function via what is essentially a duality argument (see Theorem 
EH). However, if / is a distribution of growth i ^ 0, then we have seen it is possible to 
define ipj * f as a distribution under rather mild condition on ip (see Definition 1 1.21) . Our 
first result in the sufficient direction makes use of this observation. 


Theorem 1.2. Let aGl and 0 < p, q ^ oo. Assume f is a distribution of growth i ^ 0. 
Suppose (1 + | • | Yip G L 1 satisfies the Tauberian condition (C2) and there exists m G M 
such that the smoothness condition (C3) holds for A ^ 0. 

(i) Let A = max{7, ((}. Then 
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q\ i 


iez 


( 14 ) 


(ii) Let A = max{l, and (ft G 5 with f (ft(x)dx ^ o. If p < oo i/ien 


p,<? 


^( 2 -sup|0 t *^.*/|)' 
j&Z 


q\q 


t> 0 


Lp 


(15) 


and in the case p = oo 


^o: 


~ sup ( TnT / ( 2J ° sup * f( x )\Y dx 

9 " t>0 


(16) 


(with A = max{n, £} uAen p = q = oo). 


Remark 1.2. 

(i) Observe that we are free to choose the smoothness parameter m, thus an alternative 
way to state the smoothness condition on -0, is that we simply require d K (ft to be slowly 
increasing for |k| ^ n + 1 + [A], 

(ii) Theorem |T72] together with Theorem 11.11 give the following complete characterisation 
of Bf )q . Let £ > a — r > a, m > ^ — a, and A = max{f, ^}. If the kernel (1 + | • |) e (ft G 
L 1 satisfies the conditions (Cl), (C2), and (C3), then / G if and only if / is a 

distribution of growth £ and ^ Yljez (2“'“||Vh * /llm 3 ) 9 ) 9 < 00 • A similar comment applies 
in the Triebel-Lizorkin case. 


If we want a version of Theorem 1 1.21 with H p replaced with L p , we need to assume more 
on our kernel (ft to ensure that each iftj * f is a measurable function (as apposed to just 
an element of S'). It is worth noting that, under the assumptions of Theorem 11.21 if we 
assume the right hand side of (jT4|) is finite, then since H p = L p for p > 1, we may freely 
replace the H p norm with the L p norm in (ITT)) . Thus at first glance, it may appear that 
the conditions on (ft in Theorem 11.21 are sufficient to also deduce an L p version of (fl4l) . 

However this is slightly misleading, as we may only replace H p with L p after making 
the a priori assumption that the right hand side of (fl4l) is finite. Without this finiteness 
assumption, it is not possible to ensure that the distribution iftj * f is in a fact a function. 
Thus in general, under the assumptions on (ft in Theorem 11.21 the norm \\(ftj * J\\lp is 
not defined. Consequently, if our goal is to prove a direct characterisation without any 
auxiliary assumptions on the distribution /, to ensure that (ftj* f is a measurable function, 
we need to make further assumptions on our kernel (ft. One such condition is found in the 
next theorem. 


Theorem 1.3. Let aGl and 0 < p, q ^ oo. Assume f is a distribution of growth £ ^ 0. 
Suppose (1 + | • |) V £ L 1 satisfies the Tauberian condition (C2) and that for every m G M, 
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the smoothness condition (C3) holds with A ^ i. Then for every j G Z the convolution 
i[),j * f is a continuous function. Moreover, if A = max{£, f/ien 

(it) 

j&L 


Similarly, if A = max {A and p < oo then 


ll/ll 


pa 

p,q 


< 

rs_/ 




Lp 


(18) 


and in the case p = oo 



(19) 


(with A = max{n, £} when p = q = oo). 


Remark 1.3. (i) It is possible to reduce the smoothness assumption slightly; see Theorem 
15.11 and the proof of Theorem 11.31 in Section [5] In particular, the smoothness condition 
(C3) can be replaced with the marginally weaker assumption that d K if is rapidly decreas¬ 
ing for |/c| A max{n + 1 + [£], [A]}. This is a fairly strong condition on the kernel if, but 
a condition of this type seems to be necessary in order for the convolution if * f to have 
a pointwise definition for every f E S' of growth £, see Remark 13.21 below. On the other 
hand, if we instead make further assumptions on the distribution /, then it is possible 
to define the convolution if * f without the rapidly decreasing assumption on d if ; see 
Theorem 15.31 for a result in this direction. 

(ii) In the above two theorems, we have restricted the class of distributions to those 
of growth t. This condition is natural in light of Theorem 11.11 where it was shown that 
all elements of Bf q and Fff q are, perhaps modulo a polynomial, distributions of growth 
a — ^ + e for every e > 0. Thus we do not lose anything by only considering distributions 
of some finite growth. Observe also that by making £ smaller, we weaken the condition 
on if, but unfortunately require a stronger growth condition on /. A good choice for t, 
which is suggested by the necessary results, is to take £ > a — n/p. 


Theorem ll.il Theorem 1 1.21 and Theorem 1 1.3 1 provide necessary and sufficient conditions 
for a distribution to be in the Besov-Lipschitz space or in the Triebel-Lizorkin space. In 
other words, these theorems provide the characterisations of the function spaces under 
study. 


We now come to our main application of the previous results. Namely we give a 
characterisation of and FT n via fractional derivatives of the Poisson kernel. Thus we 

FiH FiH 
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consider the case fi(£) — |£|^e ^, that is, 0 = (—A)^/ 2 P, and P is the Poisson kernel on 

M n , 

P (' T ) = (1+ |a;|2)(n+l)/2 ' 

Note that the Poisson kernel case is one of the main motivations for this work. 


Theorem 1.4. Let a 6 K, 0 <p,g ^ oo. Let (3^0, (3 > a, and define fi(^) 
Let £ ^ 0 such that 


n 


a -< £ < 

P 



fen 

f £N. 




Assume that f is a distribution of growth l. Then the convolution fij * f is a continuous 
function, and there exists a polynomial p of degree at most [£] such that 


(E (2 j iu*(/-p)M’)' ~ mi k-, ~ (E ( 2S “H^ */M’)t 

jez je z 


E(2 ia ^(f - p))' 

je z 


<? \ 9 


„ S H/11% s 


E P“iu * f\Y 


<7 \ 1 


Lp 


, p < 00, 


and 


sup 

0 


IQI 


/ E (V^U-p)(x)) q dx 

Q j>-t{Q) 


<ll/b a „<-p v l Q l 


/ E (2 j “iu*/wi) ,<ii 

Q j>-l(Q) 


Moreover, in the case £ < (3, we may take p = 0. 


Proof. It is obvious that fi satisfies all the assumptions in Theorem ll.il Theorem 11.21 and 
Theorem II.31 except possibly the integrability condition (1 + | • \yfi E L 1 . But this follows 
readily from Corollary 12.61 in the case | 0 N, and in the case | £ N by observing that 
0 = (—A)fp. Thus we obtain the required inequalities, up to perhaps a polynomial 
factor p in the case of the left hand estimates. However as / and / — p are of growth 
£, we see that p must be of degree at most [£]. The final conclusion follows by noting 
that if £ < (3 , then Corollary 12.51 implies that if has [£\ vanishing moments. Therefore 
fi*(f~p) = fi*f and hence we may take p = 0. □ 

Remark 1.4. (i) A similar argument shows that Theorem II.41 holds when fi = | • | Pfi, where 
0 E S satisfies the Tauberian condition. The proof is similar to the Poisson kernel case. 

(ii) When [3 — rn E N in the above theorem, one has fit * / — (( d/dt) m P t ) * / (= 
(d/d t) m (P t * f) if Pt * f is defined). This case is historically important as the Poisson 
kernel was a principal tool used in the classical study of function spaces, in which the 
mean-value property of the harmonic function Pt* f is crucial. In fact, the sufficient result 
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for the Poisson kernel case (the right-hand side inequalities in the above theorem) has 
only been proved in the literature using the mean-value property (see 0,1211). Moreover, 
the question of defining the convolution ipt* f was n °t fully elaborated in these works. 
Also Theorem 11.41 for non-integer j3 appears to be new. 


Remark 1.5. This remark relates to a question and some results in the recent manuscript 
[23]. The first-named author is grateful to Professor Hans Triebel for sending him a copy 
of this work. 

(i) Fix 0 < p, q ^ oo, a G M, and i ^ 0 such that a — ^ < £ < max([a — 0) + 1. Let 

if) G L 1 be a kernel satisfying the conditions of Theorem 11.11 and Theorem 11.31 Given a 
distribution / G S' of growth £, we define 

h/Hbw#) = 

\jez / 


and take 

D p, q (^) = {/ e S' | / of growth £ and Wfh^) < °o}- 

Theorem 11.31 shows that ||/||rc ^ is well-defined. Moreover, together with an application 
of Theorem ll.il the (quasi) Banach space -B“ g ('0)/(T>" (J ('0) fYP) is isomorphic to with 
equivalent norms (here V denote the set of all polynomials). Thus we have a complete 
characterisation of provided we consider elements of -£>“ g (V0 modulo polynomials 
in B^ q (ip) fl V. Because of the restriction on the growth of distributions in H" g (-0), we 
need only consider polynomials of degree at most max([a — ^],0). Note that, although 
we restrict our discussion above to the Besov-Lipschitz spaces, appropriate versions hold 
for the Triebel-Lizorkin spaces. 

(ii) in light of Theorem 11.21 we may replace the L p norm in the definition of || • \\^ a ^ 
by the H p norm (and thus weaken the conditions on ^) and get an equivalent statement 
to (i). Similarly, we may replace * / with the maximal function 'i/jjf- Moreover, again 
via Theorem 11.11 Theorem 11.21 and Theorem 11.31 clearly an equivalent statement is also 
true for the Triebel-Lizorkin spaces F^ q . 

(iii) The fact that the spaces B^ q (and Bp q {^)) are only Banach spaces when considered 
modulo polynomials can be somewhat inconvenient. However, in the case a < it is 
possible to remove this ambiguity. One way to do this is as follows. Let 


Z 


G S' 


j£Z 



Thus Z is the collection of all distributions for which the Calderon reproducing formula 
holds in S'. (For general distributions, the Calderon reproducing formula only holds in 
S'jV\ see for instance Theorem 12.11 and Theorem 12.21 below.) Consider the set H“ (? ( , 0) 0 
Z C S' (here elements are not considered modulo polynomials) and define the map 
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<f> : B^ q (ip) fl2 A Bp q by $(/) = / + V (i.e. $ maps each distribution in Bp q (ip) D Z to 
its equivalence class in 5“ ). Then 

(a) Bp (ip) H Z is a Banach space (as a subset of S'), and the map $ is injective with 


BgM 0 


< 


IW)II 


B9 


< 


(V0> 


(b) if a < ^ then, in addition, the map $ is a bijection. 

As in (i), the conclusion (a) follows immediately from Theorem 11.11 and Theorem 11.31 The 
key point in (b), is that given any / G 5“ , there exists g G / + V such that g G Z (see 
Theorem 12.21 below). Thus in conclusion, if one wishes to consider without working 
modulo polynomials, a natural choice is the Banach space Bp (ip) D Z , and this space is 
equivalent to Bp q provided a < As in (i) and (ii), a similar argument applies in the 
case of F“ . 

(iv) Let ip(£) = denote the Poisson kernel. If a < 0, we have Bp (ip) = Bp q (ip)C\Z 
and thus we can use the norm 

(£(ii^*/M ,, y ( 20 ) 

\jez ) 


to define Bp without needing to work modulo polynomials (after applying Theorem 11.41 
this just reduces to showing that if c G K and ||c|| p a ^ < oo, then c = 0). More generally, 
a similar comment applies whenever a < 0 and we take any kernel with J ip ^ 0 (provided 
of course that ip satisfies the conditions in Theorem 11.11 and Theorem II.311 . In the case 
a ^ 0, this approach does not work as the kernel ip is required to have some vanishing 
moments, thus (l20l) being finite does not imply that / G Z. As previously, an identical 
argument can also be used in the case of F“ . 

(v) This, rather lengthy, remark should be compared with the results in the recent work 
of Triebel [23j where, among other things, the problem of defining homogeneous function 
spaces in the framework of S and S' (as opposed to S'/V) is considered. In particular, [23] 
contains a special case of (iv) with ip = e - ^ 2 being the Gaussian kernel, and moreover, in 
the case max{^ — n, 0} < a < the spaces Bp q (ip) D L r (with the additional restriction 
q ^ r) and F£ q (ip) fl L r with a = n(^ — ^), are introduced (with ip being derivatives of the 
Gaussian kernel) as suitable substitutes for Bp and F" . As in (iii), the idea being that 
one can work directly in the framework S and S' without needing to worry about S' jV. 
An advantage of (iii) over the results in [23] is that one can deal with the whole range 
a < 0 < p, q ^ oo for both and F“ g . Moreover, when a ^ n/p, the results in part 

(i) of our remark offer an approach to study these function spaces modulo polynomials of 
degree at most [a — n/p ]. 


While the general outline of our arguments follows the original works [5, 6| ;T] and, in the 
necessary part, also the pioneering paper by Peetre, the non-smooth assumption on 
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the kernel -0 and its the Fourier transform requires not only substantial technical modifi¬ 
cations, but also the introduction of a new concept, the distributions of finite growth. We 
also benefit from the thesis [8] where some partial results are obtained. Of independent in¬ 
terest is our extension of the Calderon reproducing formula and the Stromberg-Torchinsky 
estimate in [20] to the non-smooth case. These could be useful in other research in har¬ 
monic analysis of function spaces. 

The plan for the rest of the paper is as follows. In Section [2] we prove a number of 
estimates that are used frequently throughout the paper, in particular we state a growth 
estimate on elements of B^ 3(X) . Section [3] is devoted to the problem of the pointwise def¬ 
inition of the convolution. Section [4] is the main part of the paper, where the necessary 
tools are developed to prove Theorem II.21 and Theorem 11.31 Section [5] contains the proofs 
of our main theorems. In Section [6] we give the proofs of the results in Section [21 namely 
we prove two versions of the Calderon reproducing formulas on S' and use these to deduce 
growth rate for distributions in the Besov-Lipschitz spaces. 

We conclude the introduction by a remark. All the main results presented in this pa¬ 
per have continuous versions, in which the sum is replaced by the integral with respect 
to the dilation variable t > 0, and the kernel function satisfies the “standard” Taube- 
rian condition (see 0). We leave the precise formulation as well as modification of the 
proofs to the interested reader, but note that details in the smooth kernel case can be 
found in [5| |6, 7[. Moreover, versions of our results should also hold in the weighted case, 
where the parameter A in the Peetre maximal function will depend on the weight func¬ 
tion w. Again we refer to the above cited works for a treatment in the smooth kernel case. 

An earlier version of this paper was presented at the 2008 Australia-New Zealand 
Mathematics Convention [3]. 


2. Preliminary Results 

We begin by recalling two versions of the Calderon reproducing formula. These two 
theorems are classic results that were first used in the study of the homogeneous Besov- 
Lipschitz spaces by Peetre [E]. (A continous version of Theorem 12.11 was attributed to 
A.P. Calderon by the authors of USD We collect the proof of the two theorems below 
in the appendix for easy reference (see Subsection 16.11 below). It is worth noting that 
our proofs are carried out in the spatial space and are different from ]1?J (where it was 
done in the frequency domain). Moreover, our argument gives an explicit definition of 
the sequence of polynomials ( Pn ) appearing in the theorems below; see equation (J55[). 
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Theorem 2.1 (Calderon Formula on S'). Let f E S'. Then there exists a sequence of 
polynomials (pn) such that 


with convergence in S'. 


OO 

/ = (pn + E ^' * Tj * /) 

j=N +1 


We can deduce a more refined version if we make the additional assumption that / € 

DQ 

00 , 00 ’ 


Theorem 2.2 (Calderon Formula on B^^). Let a E M and f E 5 ^ )00 . Then there exist 
polynomials p, pn such tha 0 deg(pAr) ^ [a] and 


f~P= Km ( Pn + E Vi* Vi * / 

i=N+l 


with convergence in S'. Moreover, given any p E S we have the inequality 


sup 

N<O^M 


P 


M 


Pn+ E Vi *Ti* f 

i=N +1 


Ur 



max{0,«} 


x\ a log(|x|) 


a (£ N 
a E N. 


In the characterisation results presented in the current paper, we restrict our attention 
to distributions of finite growth. To see that this restriction is reasonable, we need to 
show that elements of B£ q and Ff )q have growth of some finite order. This growth is a 
straight forward application of the bound in Theorem 12.21 


Corollary 2.3 (Growth of distributions in B£ and ). Let a E R, 0 < p, q ^ 00 . If 
f *= -SSd.oo then there exists a polynomial p such that for every p E S we have 


\p*(f~p)(x)\ <1 + 


x\ a log |x| 

^|max{0,a} 


a EN 
a ^ N. 


Consequently, if f E B£ or f E Ff' q , then there exists a polynomial p such that f — p is 
a distribution of growth I for every I > a — ^ with I > 0. 

Proof. The growth bound on B ^ ^ follows immediately from Theorem 12.21 To conclude 

■ a-" 

the proof, we simply recall the embedding B“ ,F£ C B oo )t £. (Note that Fg, C B ^ i00 
by an embedding theorem in [7].) □ 


Remark 2.1. When a > 0, it is well-known that the characterisation of Bf 00 0 via differ¬ 
ences implies the stronger pointwise growth bound 


\(f~p)(x)\ < 



a > 0 and agN 
a > 0 and a N, 


1 If a < 0 this statement is vacuous, and we simply have pjv = 0. 








CHARACTERISATION OF B-L AND T-L SPACES 


15 


from which the Corollary follows. On the other hand, in the case a = 0, the growth 
bounds in Corollary 12.31 and Theorem 12.21 appear to be new. 


As is common in the study of function spaces via the Calderon formula, we require 
some control over convolutions of the form rjk * ipj ( see f° r instance the work of Heideman 
m- The precise dilation estimate we need is a refined version of ||5j Lemma 2.1] (see 
also m Lemma 1]). 


Lemma 2.4. Let m G R, c > 0 and N G N. Suppose rj G L 1 with fj G C N (M. n ) and 
supp rj C {a ^ |£| < b} for some 0 < a < b. Let ip E S' with ip G C N (W 1 \ {0}). 

(i) Assume d K ij>(f) = 0( |£| -m ) as |£| —> oo for every |k| ^ N. Then for any s ct 
we have 

/ q \ m—n f—n 

\Vs*Mx)\ £ (j) (l + t-l| x |)AT ( 21 ) 

(ii) Assume d K ip(f) = (9(|£| m ~^) as |£| —> 0 for every |k| ^ N. Then for any t ^ cs 
we have 

(22) 

Proof. Take c = 1 for simplicity of notation. The support assumption on rj implies that 
the convolution 7] * ip is well-defined (in fact is an L°° function). Moreover, for every 
|/c| ^ N and any iGl" 


s n *ViW| < ||Vtj* 1*5MIL* ~ 

< 


lk"hK)hK)]|L, 





(23) 


In particular, if s ^ t, then assuming d ip = 0(|£| m ) as |£| —* oo, and using the bound 
(|23l) we deduce that for every |k| ^ N 


(t l x) K rj s * ipt(x) | 


< 


M 


E 


t\h I 


'a<|f|s£6 


i m —m 7/ _ 

df 


m-n / S \ N-|7l _ n (S\ m ~ n 

2^\t) ~ t W 


Applying this estimate for |/c| = 0 and |/c| = N we obtain (i). 

Similarly, if t ^ s, then assuming d K ip = 0(\f\ m ~^ K ) as |£| —> 0 and again applying the 
bound (1231) we have 


s |k| \x K T) s * ipt(x)\ 


< s 




—n 

~ s y ,. , 

\sJ 


t\h\ 






which gives (ii). 


□ 
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Remark 2.2. It is possible to generalise the previous lemma in the following sense. Suppose 
||(1 + \x\) N r]\\ L i < oo and supp 77 CZ {a < |<^| < b] for some 0 < a < b < 00 . Then for any 
j,k G Z 

||(1 + 2 min ^\x\) N 7]j * if fc || LP ^ C lP 2 k{n ~p ) 2-^ m (24) 

where 

] sup| 7 | <JV ||P>i(£ 7 0)||b™ 3 > k 

[ su P| 7 K7V II P <i( x 7 VOIIb™+H 3 ~ k 

and P> 1 denotes the restriction to frequencies Z 1 , i-e. H-F^i/llfla = sup J > 1 2 J “||(p i */|| LP , 
P<i is defined similarly. Thus we may replace the assumptions in Lemma 12.41 by supposing 
that if belongs to certain Poised spaces of Besov type (c.f. the work of Peetre [16]). The 
inequality (124|) follow by an application of Holder’s inequality, together with the support 
assumption on rj to deduce that 


(1 + 2 min { ^}|a;| ) %*0 fe || ip 

= 2 fc(ri -f ) ||(l + 2^~ k ’ i y\x\) N Vj _ k *if\\ LP 

< 2 fc(n_ p } sup ( , 2 mi “{0’-fc)l7l-(j-fc)l"|}||( a; « ?7 ) i _ fc * (x^)\\ ) 

|«:+ 7 |^Ar ' ' 

<2 k{n -p ) 2-( j -V m \\{l + \x\) N r l \\ L i sup ( sup * (x 7 0 )|| LP 


which gives ( 1241 ) by definition of B ™ oc . 

To illustrate the connection between (j 24]) and Lemma [2.41 note that in the case p ^ 2, 
the assumptions on if in Lemma 12.41 implies that the righthand side of ( 124 ]) is hnite. 
More precisely, if 2 ^ p ^ 00 and if G C ,7V ({|^| > 1}) with |<9 7 0(£)| < |^| _m_n ( 1 _ p) for 
|£| > 1 and I 7 I ^ N, then an application of the Hausdorff-Young inequality gives for every 




< 

i^j 


sup 2 im ||a 7 0 || 


Lr'dH |« 2 >) 


< S up2’">||ier m -7 

jY 1 




< 00 . 


Similarly, if 0 e C N (R n \ {0}) with |<9 7 0(O| < |£|-"*-"( 1 -?H7l for 0 < |f| < 1 and 
I 7 I ^ N, then 


P<i(x 7 0 )||^+| 7 | 


< 


sup 2 (m+ l 7 l) J '||<9 7 0|| 
j< 1 


Lr'dZ fo2l) 


< OO. 


Thus in terms of conditions on -0, ( 124 ]) implies Lemma 12.41 On the other hand, the 
disadvantage of ( 1241 ) is that firstly in certain cases we need more decay on rj, and secondly 
the conditions on if are more difficult to verify. As our emphasis is on finding conditions 
on our kernel which are easy to establish, throughout this article we ignore this slight 
generalisation and instead make use of Lemma 12.41 
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Remark 2.3. A typical application of Lemma 12.41 would involve estimating ||(l + 2 J |x|) A 77 j* 
001^1 via an application of Holder’s inequality to obtain 

||(1 + 2 j \x\) x rjj * 00| L i < 2-^||(l + 2i\x\) n+1+ ^\ * 0 fc || L <- 

and then using the L°° bound obtained in Lemma [2.41 which requires rj G C' n+1+ [ A 1. How¬ 
ever this argument can be performed more efficiently by using Plancheral instead of the 
IMU oo ^ ||w|| L i bound used in the proof of Lemma [2~4l In more detail, we can use 

||(1 + 2 3 \x\)\ *0 fe || L i < ||(1 + 2 J \x\) [ % +x]+1 rjj *0 fc || L a < sup 2 hll \\dJ{rfj ^ k )\\ L 2 

l7K[f+A]+l 

which, after following the proof of Lemma 12.41 only requires rj G +A ]+L To summerize, 
it is often possible to replace the assumption rj G C m+1+ [ A 1 with rj G C , [' 2 + A l+ 1 . A similar 
comment applies to the differentiability condition on 0 . 

To apply our characterisations to Poisson like kernels, we need to estimate the spatial 
decay of J r_ 1 (|^|^e _ l^). The required decay is a consequence of the following corollary of 
Lemma 12.41 

Corollary 2.5. Let r > £ ^ 0 and 1 ^ p < oo. Let 0 G L p and assume supp 0 C {|£| ^ 
1}. Furthermore, suppose that 0 G C n+ 1 + ^(R ri \ {0}) with 

sTK) = o(l?r w ) m|£|->0 

for every |k| ^ n + 1 + [£]. Then (1 + |000 G L 1 and moreover 0 has [£] vanishing 
moments. 

Proof. We begin by observing that 

jXI K l 

< ^2 2 j{r ~ l) < oo (25) 

iS 1 


where we used an application of (ii) in Lemma 12.41 (with t = 1 and s = 2 to deduce 
that 

11(1 + 2 i\x\y<pj * 0|| L 1 < 2^||(1 + 2 j \x\y- {n+1+m \\ L i < 2 J> . 
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On the other hand, the assumption ip £ L p together with supp 0 C {|£| ^ 1} implies 
that we have the pointwise identity!^ 


$( x ) = '52 t Pj* ( Pj*‘ l l’( x ) ( 26 * ) 

i 

for a.e. iel" (in fact as ip is smooth, the identity holds for every x £ M n ). Consequently, 
(I25|) implies that \x\ e ip £ L 1 . Therefore \\iPWl 1 PS ||V’||lp + Hl^lVlU 1 and so we deduce 
that (1 + |x|)V £ L 1 . Finally, to check that ip has [£] vanishing moments, we simply note 
that ip £ and hence the decay condition gives d K ip( 0) = 0 for every |/c| ^ [/']. 

Together with the integrability (1 + | • | yip £ L 1 , this implies that ip has [£\ vanishing 
moments as claimed. 

□ 


Remark 2.4. The previous corollary can be improved somewhat by using Remark 12.31 In 
particular, we can replace the assumption ip £ C n+1+ ^(lR n \ {0}) with the slightly weaker 
0 £ C'[f+d+ 1 (flT\{o}). 

Corollary 12.51 has an immediate application to the Poisson kernel. 

Corollary 2.6. Let (3^0, and let ip(f) = |£|^e Then (1 + | • \) l ip £ L 1 for every 
£</3. 

Proof. Let X £ 5 such that supp x C {|£| ^ 1}, and x — 1 i n a neighbourhood of the 
origin. Write ip = ipx + (1 — x)ip — & + R. Then /i £ S and 6 satisfies the assumptions of 
Corollary 12.51 with r — /3. □ 

Finally we make use of the following elementary summation inequalities. 


Proposition 2.7. Fix 0 < p, q ^ oo and let fk be a sequence of measurable functions. If 
(aj)j € z £ then we have 


V? . . ,, q \Vq 


EdlE^ll/) s EII/-II; - 

fcez jez jez 


Similarly if (aj)j e z £ £ min ^ 9, ^(Z) then 


1/9 


jeZ k &L 


< 


Eiti 4 ) 


1/9 


j&Z 


2 As in the standard proof of the reproducing formula (see (l5il) in Section [6]), there exists <p £ S such 
that 

= <\>M * i>{x) + <Pj * <Pj * ^(x) 

M^j^l 

where we used the support assumption on ip. An application of Holder’s inequality gives 

\\4>m < II^mIIlp'IIV'IUp < 2 M p. 

and thus, as p < oo, © follows by letting M —> — oo. 
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Proof. This proposition is a folklore result. The proof is based on Young’s inequality and 
the inequality 

je z j gz 

which holds whenever 0 < r ^ 1. We omit the details. □ 

3. Pointwise Definition of the Convolution 

The introduction of distributions of finite growth, together with Definition 11.21 makes 
it possible to define the convolution if * f as a distribution. However, the characterisation 
results in Theorems 11.11 and 11.31 require a pointwise definition. In this section we give two 
sets of sufficient conditions to ensure that if * / g L] oc . The first is via what is essentially 
a duality argument exploiting the Calderon reproducing formula given in Theorem 12.21 
This argument has the advantage that it requires very few assumptions on the kernel if. 
On the other hand it is only applicable in the case / G Bff ^ and thus is not helpful 
in Theorem 11.31 The second approach is much more general, and works for arbitrary 
distributions f E S', provided only that / has finite growth. However it correspondingly 
requires much stronger conditions on the the kernel if. 


3.1. The case / G Bf^^. The key result is the following. 

Theorem 3.1. Let a,f6l with £ ^ 0 and £ > a. Let f E B^^. Assume if E Bfff with 
(1 + |x|)^0 G L l . Let p be the polynomial given by Theorem \2.2l Then the distribution 
if * (/ — p) is a bounded continuous function and we have the identity 

*f*{f-p){x) = '%2if*<p j *<Pj*f{x) (27) 

jez 

where the sum converges in L°°. 

Proof. Let p be the polynomial given in Theorem 12.21 The decay assumption on if implies 
that the convolution if * (/ — p) G S'. Define g as 

9(x) = ^ if * (fij * ipj * f(x). 
jez 

The duality estimate JY \if*(pj*ipj*f(x)\ ^ ||/||b“ implies that g is a bounded 

continuous function. Thus the theorem would follow by showing that for every p G S 

i’* (f ~ P)(p) = f g{x)p(x)dx. (28) 

jR n 

To this end, by definition of the distribution if * (/ — p), together with the growth bound 
in Theorem 12.21 the Dominated Convergence Theorem, and the decay condition on if, we 
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have for any p 6 S 


i’ * (/ - P) (p) = / p*(f~p) (x)ip{x)dx 

J E n 

= / lim p * ( p N + V * VO * / ) {x)ip{x)d. 


= lim 

N^ — OO 


p(x)iP * p N (x)dx + 


J=Y+1 ' 


We claim that the assumptions on ip imply that ip has [a] vanishing moment^, in other 
words f x^ip = 0 for every |y| ^ [a]. Accepting this claim for the moment, we have 
ip * Pn = 0 for every N and hence 

1M/-P)(p)=£ f * * VO * VO * /(*)p(^ = [ g(x)p(x)dx 
■ eZ J R™ J R" 


where the last equality follows by the uniform convergence of the sum. Therefore (1281) 
follows as required. 

Thus it only remains to show that ip has [a] vanishing moments. If a < 0 there is 
nothing to prove so we may assume that a ^ 0. The decay assumption on ip implies that 
ip e C'[“] (M n ) and hence using the form of the Taylor series given in [11] we can write 

?(«)= E + H e 51 f 

ItKH 7 ‘ M=M 7 ‘ Jo 


The continuity of d^ip at the origin then implies that 

m- E ^aT(0) = o(|?| [ “ 1 ). (29) 

l7l<[«] 7 ‘ 

On the other hand, given any ^Owe have 

h«)i<i<r E 2 ~'“ h«)i<itr E 2“ 3 'i»wiU' 

j<iog 2 (i£i) 27 ^i , si^ 27+ ja»j(iei)+i 

and consequently as ip G we deduce that ip(£) = o(|£| Q ) as |£| —> 0. Together with 
the bound (1291) we obtain 

E q3Y(0) = 0(111'“') 

ItKM 7 ' 

which is only possible if d' r ip( 0) = 0 for every |y| ^ [a]. Therefore ip has [a] vanishing 
moments as claimed. □ 


3 In fact, the following argument shows that if (1 + |:c|)^ Q V G L 1 and iji G B 1 “ for some q < oo, then 
ifi has [a] vanishing moments. 
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Remark 3.1. Let a G K and suppose / G B^^ and 0 G It is well known that 

L?oo% can be identified with the (topological) dual of B^ x (see e.g., [2, TT]). Thus / is a 
continuous linear functional on Bp® and furthermore, we have the identitjQ 

/(0) = 

j&L 

Thus if we define a convolution 0 f(x) as 

0 *d f(x) = f(r x i) 

we immediately have the pointwise identity 

0 *d f(x) = 0 * <Pj * <Pj * f(x) 

(the convolutions on the righthand side are the standard convolutions between S and 
5'). Since the sum converges uniformly, we see that 0 *d f(x) is a continuous bounded 
function. Although this definition of the convolution almost immediately gives the result 
of Theorem 13.11 it has the drawback that is does not always agree with the standard 
definition of the convolution. In particular, if for instance 0 G L 1 and / G L°° is a 
constant, then 0 *d f = 0, however 0 * /(x) = c f i/j(y)dy. 

It is natural to ask when the convolution defined directly via duality, -0 *d /, agrees 
with the definition given in Definition 11.21 The solution is given by the previous theorem. 
More precisely, suppose we know in addition that (1 + |x|00 G L 1 for some d > a, then 
for every / G ^ there exists a polynomial p such that we have the pointwise identity 

0 *d f(x) = 0 * (f -p)(x). 

3.2. The general case / G S'. We now drop the assumption / G B^ OQ , and instead 
simply assume that / is a distribution of growth l. Our goal is find conditions on 0 such 
that the convolution 0 * / defined in Definition 11.21 which belongs to S', is in fact an 
element of L] oc . One possible solution is to assume 0 G S, as then 0 * / G C°°. However 
this is far to strong for our purposes, as we would like our characterisation, and thus the 

4 More explicitly, let O 0 be the collection of all 0 £ S such that 0 pL supp <j>. Then as O 0 is dense in 
Bp “ (see e.g. jHUSI), there exists a sequence € O 0 such that ||0 — <0 fc )| \p-<^ —> 0. We then define 

/( 0 ) = 

It is easy to check that the limit is independent of the choice of sequence 0*D, and moreover that the 
resulting linear functional is continuous (as a map from Bpp to C). In addition, an application of Theorem 
12.21 shows that 

/(0) = lim /(</> (fe) ) = Jim ^ tpj * <pj * /(0 (fc) ) = ^ <Pi * <Pj * /(0) 

j'ez je z 

where the last line followed from the Dominate Convergence Theorem, the assumption 0 £ and we 

used the fact that every £ Oq has infinite vanishing moments (thus annihilates all polynomials). 
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pointwise definition, to apply in the case ip ^ S. The way forward, as in the case of 
/ G is to study the convergence of the Calderon reproducing formula. The first 

step in this direction is the following lemma. 


Lemma 3.2. Let t ^ 0 and assume f is a distribution of growth i. Then there exists 
(3^0 depending on f, such that for every p e S and k e Z we have 


Proof. Define the mapping T : S —> Lf 3 by T(<p) — <j> * f where Lf 3 denotes the weighted 
L°° space defined by 

L 7 = {g ■ Ilfl'OcK 1 + M) - *IU» < °o}- 


Since / is a distribution of growth £, the linear mapping T is well-defined. We claim that 
T is continuous. To see this note that an application of the Closed Graph Theorem (see, 
for instance, Theorem 1 on page 79 of [25]) reduces the problem to proving that the graph 
of T 


{(0TOA)) 


e 5 


is closed in S x Lf 3 . Assume tp^ converges to p in S and T(p^) converges to some 
g G Lf 3 . Then for some M > 0 we have 


\T(p ij) - <f>)(x)\ = \(p 0) - p) * f(x)\ < ||0 W (^- •) 

<(1 + N) M E 


and hence T(p^) converges to T(p) pointwise. Therefore we must have T(p) = g e Lf° 
and so the graph of T is closed. Consequently T is continuous as claimed. 

The continuity of T implies that we can bound ||T(0) ||n°o by a finite number of Schwartz 
norms of p (see, for instance, Corollary 1 on page 43 of [25]). Thus there exists M\ > 0 
such that 

ITO)|U« = \\<P*f\\L? < E IMUt (3°) 

|a|,7<Mi 

To complete the proof, we observe that a simple computation shows that ||</>/c || Q ,7 < 
2 fc(n+|o|-| 7 |) an( ] j ience) us ing (l30lh we obtain 

\<l>k*f(x)\ < 2 \k\p 
(1 + M)* ~ 

for some (possibly large) /3 ^ 0 as required. □ 


We can now prove the following. 
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Proposition 3.3. Let £ ^ 0. Suppose (1 + | ■ | /0 G L 1 such that 0 G U n+1+ ^(M n \ {0}) 
with d K f> rapidly decreasing for every |/c| ^ n + 1 + [£]. Let f G S' be a distribution 
of growth £. Then for every j G Z the convolution * f is a well-defined continuous 
function. Moreover, there exists [3 = (3(f) >0 such that for every iGl” 


Me,p(x,j) 


I'fik * f(y) | 

SUP 7 - - — 1 - 

k^j,y£M. n (1 + 2fix — y\Y 


2^0 ~ k ) 


< oo. 


(31) 


Proof. Fix j G Z and let k ^ j. The assumptions on / and if imply that fik * f G S'. 
Thus we can follow the standard proof of the Calderon reproducing formula to deduce 
the identity 

OO 

0fc * f = <t>k * 0fc * f + Y Ta*Ta*'fik* f (32) 

a=k +1 

where the sum converges in the sense of S' (see (T54|) in the proof of Theorem 12.ip . To 
show that fik * / is a continuous function it suffices to prove that the sum converges in 
L(f c . An application of Lemma 13.21 shows that there exists (3 ^ 0 such that for every 
p G S and k ^ j 

\pk*f{x)\< j 2 f3k {l + \x\) e . (33) 

Note that by (i) in Lemma 12.41 the assumption that 0 is rapidly decreasing together with 
the support of (p implies that \<p a * fi>k(x)\ < 2^ k ~ a l^ +l l2 kn (l + 2 k \x\)~^ n+l+] ^f Therefore 
using an application of (133|) we deduce the bound 


\Va*Va*'fik* f(x)\ <j 2 a/? 


\Ta*i>k(y)\(l+ \x - y\fdx < 2 fc(/3+1) 2 a (l + \x\Y 


and hence the sum in (132P converges uniformly on compact sets. Consequently 0*, * / is 
a continuous function. Finally, to deduce the required bound, we note that after another 
application of (|33|) we have for every k ^ j 

1'0/C * f(x) | ^ 10fc *(fk* f(x) | +^2\p>a*Yk* Ta* f(x) \ 

a>k 

<j 2 fc/3 (l + 1x1/ + 2 fc(/3+1) Y 2 _a (l + \x\Y < 2 fc/3 (l + \x\) e 

afzk 

which then gives (13TT) . □ 


Remark 3.2. Lemma [3.21 assures us that for any distribution / of growth l , there exists 
a (3 > 0 such that / satisfies the conditions of Proposition 13.31 Thus provided we have 
0 G L 1 satisfying (l + |-|/0(-) G L 1 and 0 G C n+l+l (M n \{0}) with, for every \n\ ^ n+l+£ 
and some m > (3, 

= o(ier- m ) as lei oo, 

then the convolution 0 * / is a continuous function. Unfortunately, we have no control 
over how large (3 is. Thus if we only assume that / is a distribution of (unspecified) finite 
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growth, to ensure -0 * / is a function, we need 0 to satisfy the conditions of Proposition 
13.31 for every fi. In particular we need 0 to be rapidly decreasing. 

Moreover, some smoothness of 0 is required too. For example, for 0 * / to be a well- 
defined function for every / £ S' of growth 0, we require 0 to be smooth. To see this take 
any multi-index k and let / = B k 5q, where <0 is the Dirac Delta function at the origin. 
Then / is a distribution of growth 0 and by Definition 11.21 for any 0 G S we must have 

0 */(0) = (—l)kl f if>(x)d K (f)(x)dx. 

J M" 

In particular, if 0 * f G S' is represented by a function g G L] oc then for every 0 G S 

f fi{x)d K (j){x)dx = (—1)^' f g{x)4>{x)dx. 

J R" JR n 

In other words 0 must have k distributional derivatives which are locally integrable. As 
we can choose |k| to be arbitrarily large, Sobolev embedding then shows that 0 G C°°. 


4. Maximal Inequalities 

As in the seminal work of Fefferman and Stein [TUj, and Peetre mm, the key step 
in the proof of our characterisation theorems is to obtain certain pointwise maximal 
inequalities relating 0j * / and <pj * f. More precisely, assuming for the moment that the 
convolution 0^ * / G L\ oc , our goal in this section is to prove an inequality of the form 

I i’k* f{x- y )\ r kn 


W(x)Y <J2 2 ‘ U 


-k) 


k>j 


(1 + 2 k \y\) Xr 


-T n dy 


(34) 


for some 5>0,0<r<oo, and A is as in the definition of the Peetre maximal function (j5j). 
The argument used to prove (|34l) follows a strategy of Stromberg-Torchinsky [20] together 
with a number of technical rehnements. The first of which is the following extension of 
the Calderon reproducing formula. 

Proposition 4.1. Let i ^ 0. Suppose 0 G L 1 satisfies the Tauberian condition with 
0 G C n+1+ ^ (M rt \ {0}). There exists rf, 0 G C m+1+ ^(M n ) such that for every g G Lj oc with 
g(x) = 0(\x\ l ) we have for fcGZ and a.e. x G M" 


g(x) = fik* g(x) + Vj * '•Pj * 9(x). 

j=k+l 


(35) 


Moreover supp 0 is compact, and supp g is contained in some annulus about the origin. 

Proof. We start by observing that there exists an g G L 1 satisfying the required conditions, 
such that for all £ 0 0 

^0(2-^)0(2- J O = l 

jez 


( 36 ) 
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The construction of q is standard and follows from the following observation: There exist 
positive numbers a, b , c with 0 < 2 a b such that for every £ G M n there exists j G Z 
satisfying a ^ 2 _:, '|£| ^ b and 

i?(2-j'or>c. 


We refer to m Chapter V, Lemma 6] for details of this contruction in the smooth case. 
The modification to the nonsmooth case has been carried out in the thesis [8] (see also 

my 


Define 


m 


1 


£^0 

e = o. 


It is easy to check that 0 satisfies the required conditions and that 0 = 1 in a neighbour¬ 
hood of the origin. Moreover we have for any k,m G Z with m > k 


m 

0m 0k ^ ^ >l : , * 0j • 
j=k +1 


(37) 


Take any g G L] oc satisfying g(x) = C>(|rc| £ ). Note that as 0,0rj G C Yri+1+ ^(M n ) we 
have \0\, \0 * q\ < (1 + |x|) _ ^ n+1+ ^]) and hence the convolutions q * 0 * g and 0 * g 
are well defined. Moreover since 0 m forms an approximation to the identity we have 
linim^oo 0 m * g(x) = g(x) for a.e. x G M n (more precisely this holds at every Lebesgue 
point of g). Thus taking the convolution of g with both sides of (1371) and letting m —> oo 
proves the result. □ 


To prove the maximal function inequality (|34p . we need to assume the boundedness 
of a particular auxiliary maximal function, namely, the following variation of the Peetre 
maximal function 




\0k*m\ 2(i - fc)m 

(1 + V\x - y |) A 


(38) 


Note that if M\ im (xo,j) is finite for some xq G M n , then we have Mx, m (x,j) < oo for all 
x G M n . With these definitions at hand we now prove the following theorem which is 
essentially a non-smooth and discrete version of Theorem 2a in [2D, page 61] (see also [SI 
Lemma 2]). 


Theorem 4.2. Let 0<r^l, 0<A< oo, i ^ 0, and m, 0 G M. Assume (1 + | ■ \) e 0{-) G 
L 1 satisfies the Tauberian condition. Moreover, suppose that 0 G (7 max {™+ 1 +M>W+ 1 }(M n \ 
{0}) and for every |k| ^ max{[f], [A]} + 1 we have 

d K 0{f) = 0(|£|—M) as |£| —> oo . 

Let f be a distribution of growth l such that for every j G Z the distribution 0 3 * f is a 
locally integrable function with 

Mt,m(x,j) < OO. 
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Then we have the pointwise inequality 

wm r ~ E 2°“‘ w “ A)r l X+%v\)^ 2t " dv (39) 

with constant independent of f, j, m, l and x. 

Proof. Fix u ^ j. The assumption < oo implies that hp u * f — ®(\ x \ e )- 

Therefore the Tauberian condition and Proposition 14.11 give 


'f’u * f(x) = 4>u * V’u * f(x) + ^ Vk * 'f’k * ifu * f(x) (40) 

k=u +1 

with (j), rj £ C ,max f n+1+ ^’[ A ] +1 f (M n ) and support of rj is contained in some annulus about 
the origin. An application of Lemma [2.41 gives 

(1 + 2 u \x\) x \ Vk * if u (x)\ < 2-( k - u ^2 kn 

and thus we have the bound 

\Vk *Vb, * f(x)\ < ||(1 + 2 U \ • |)V*^„|| ioo ||(H-2 w |a;--|) _ Vfc*/|| Ll 

< 2 fcn 2-^-“>||(l + 2 u \x - -|)-Vfc * /|| L i- 


On the other hand, the decay on 0 shows 


\Mn*S(z)\ <i ||(1+2“M)Y„|| 1 „||(1+2“|*— |)-Y«*/|| tl <2""||(1+2“|*-|)-V«»/|| I , 


and hence via (1401) we obtain, for every z £ R n and any u ^ j, 


\'ipu*f(z)\<2^-^J2‘ 2U ~ k)P 


(l + 2 u |0-y|) A y 


where the constant depends only on 0, 0, and A (in particular, it is independent of /, j, 
£, and m). Now, since k ^ u ^ j, we have 

I^fc*/(S/)I 2 (j-fc)/? 

(1 + 2 m |£ — y |) A 

_ f l^fc*/(y)l ( \^k*f(y)\ 2 u-k)p\ (1 + 2i\x — y\) x 

“ l (l+2i\x-y\) x J y (1 + 2t\x — y\) x J (1 + 2 u \z - y\) x 

< ( dlX^D* 2 ^) + 
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and hence using the elementary inequality (1 + 2- ? 12/ 1) 1 < 2 k i(1 + 2 k \y\) 1 we deduce 
that 


2 ^ u)f ~ E 2U ^ Vr 


(1 + 2i\x — z\) 


\^*mr :2 *n dy 


k=u 

oo 


(1 + 2i\x - y\) Xr 


< 
rs j 


M^xJ) 1 -^ 2V-W- X > 

k=j 

Thus taking the supremum over z G M" and u ^ j yields, 


\A*f(y)\ okn 


(1 + 2 k \x — y\) 


A r 


2 kn dy. 


*M*, j) (S MxAxJ) 1 -" V 2 '/ 

k=j JRn ^ 


Hk *f(y) r okn 


+ 2 k \x — y\) Xr 


2 kn dy. (41) 


If we had M\ t g(x, j) < oo, then noting that ijj*f{x) ^ M\ t p(x,j), we obtain 

m X )Y s e 2U ~ tw ~ x)r l 


(42) 


Note that the constant in (1421 ) is independent of /, j, m, i, and x. Therefore it suffices 
to prove < oo. 

To this end let m' = ma x{m, (3} and A' = max{f, A}. Note that by our assumption we 
have ^ < oo. Moreover, we have (1 + | • \) x 'rj , (1 + | • | ) x '(j) G L°° and via 

Lemma 12.41 

2 (fc-«)m' 2 fcn( 1 + 2 U \ X \) X '\ri k * ^ U (X)\ < OO. 

Thus repeating the argument used to obtain ()42l) (with (A, /3) replaced by (A ',m')) we 
have 

IV>« * f(v)\ r $ < m :<-*><•»'•■->£ (1 + 2-lif- l'| < 43 ) 

Since the right hand side of (1451) only gets larger if we decrease m! and A', we deduce that 
(1451) in fact holds for A' = A and m' = f3 (but with a constant that depends on m, hence 
this argument cannot be used to prove (142]) directly). Moreover, as 

2{j—u)(3r 2 un 


X 


(1 + 2>\x - y\) Xr (1 + 2 u \y - z\) Xr 
we have for any u ^ j 


x 2 {u-k)(/3r-n) < 2^- k )^ r ~ n ) 


2 jr 


(1 + 2>\x - z\) Xr 


W’u*f(y)\ 2 (i- u )@ r < \ ' 2 b _fc )(^ r_n ) 

4- 9jIt- — 71 IW ~ ^ ~ 


(l + 2J|a;-j/|) 


k=u 
oo 

< \ ' 9 (j~ k )(P-*)r 


\^k*f(z)\ r 
(1 + 2-?|z - 2(|) Ar 


2 jn dz 


E 2<4 ‘ 

k=j 


\ . 2 *. dz . 


(1 + 2 fc |x — z|) Ar 


Therefore, provided the right hand side of (1421) is finite, we obtain M x ,p < oo and so (1521) 
follows. □ 
















28 


HUY-QUI BUI AND TIMOTHY CANDY 


The required maximal inequality (l34j) is now a corollary of the previous Stromberg- 
Torchinsky type estimate, Theorem 14.21 together with another application of the Calderon 
reproducing formula in Proposition 14.11 


Corollary 4.3. Let 0 < r, A < oo, i ^ 0, and m, f3 6 l. Assume (1 + | • \) e if{-) £ L 1 
satisfies the Tauberian condition. Moreover, suppose that if e ( 7 n + 1 + max IMl A ]}^ n \ jo}) 
and for every \k\ ^ max{[£], [A]} + 1 we have 

8^(0 = as |£| QO . (44) 

Let f be a distribution of growth i such that for every j e Z the distribution ifj * f is a 
locally integrable function with 

Mi >m (x,j) < oo. 

Then we have the pointwise inequality 

' Rn ( i+2 w 

with constant independent of f, j, m, £ and x. 


Proof. Assume / is a distribution of growth i. Then <Pj* f = 0( \x\ l ) and so we can apply 
Proposition 14.11 and obtain 

OO 

(fj * f(x) = 4>u* Tj * f(x) + ^ r}k*(pj * ifk * f(x). 

k=u -\-1 

where rf, 0 G C n+1+nu “(R n ), supp (f C {|£| < b}, and supp rf C {a < |£| < b} for 
some a, b > 0. Since supp (p C ( 2 _1 ^ |£| ^ 2 }, by choosing u = j — s with s sufficiently 
large we have (f u * tpj = 0. Similarly, perhaps choosing s slightly larger rjk * ipj = 0 for 
k > j + s. Therefore we have 


j+S 

i <Pj*f(x)\ < J 2 \Vk * <Pj * ifk * f{x)\- (45) 

k=j—s 


If r ^ 1, we simply use an application of Holder’s inequality together with (1451) to deduce 
that 


\<Pj*f(x~y)\ 

(1 + 2 W 



y\) X \Vk*<Pj(z -y)\ x 


\i/>k* f(x-z)\ 

(1 + 2 j \z\) x 


2 j r dz 


<J2U 1 + 2j \-\)~ X Yk*f(x--) 2 ^ 


where we used the decay of ip. The require inequality now follows by taking the sup over 
1/6 1" and then taking r th powers of both sides. On the other hand, if 0 < r < 1, a 
similar application of (1451) gives 
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If we again take r th powers of both sides, then result follows directly from an application 
of Theorem 14.21 □ 

Remark 4.1. In the case r ^ 1, the proof of Corollary 14.31 shows that the decay condition 
on -0, (ITT]) , is not needed. In fact we only need the the smoothness assumption 0 £ 
^n+i+miK{[A],[£]}|]|n y 0} to ensure that the rj given by Proposition 14.II has sufficient decay. 

Remark 4.2. A careful examination of the proof of Theorem 14.21 and Corollary 14.31 shows 
that we may replace the condition (1TT1) with the slightly weaker condition 

sup (V” ax ^’ m }||(l + |x|) max{V Vj * V’llroo) < OO 

(c.f. the “poised spaces of Besov type” introduced by Peetre in [16]). Alternatively, as in 
Remark 12.21 we may assume that 

m,/3} < C OO. 

5. Proof of Characterisation Theorems 


sup || J P> 1 (z 7 0)|| J 

l7Rmax{[A],[£]} 


In this section we give the proofs of our main results. We start with the sufficient 
direction, i.e. Theorems II. 21 and II.31 The first step is the following preliminary version of 
Theorem 11.31 


Theorem 5.1. Let 0 < p, q ^ oo, a £ M. Assume A > A ^ 0 and I ^ 0. Let f be a 
distribution of growth I and (1 + | • |)^0 £ L 1 satisfying the following: 

(51) the kernel if satisfies the Tauberian condition and we haveif £ (7 n + 1 + max {[4l A ]}(]]£ n \ {0}); 

(52) there exists m ^ 0 such that for every j £ Z the distribution ifj * f is a locally 
integrable function with 

M e ,m{x,j) < oo; 

(53) there exists f3 > A — a such that for every |y| ^ max{[A], [£]} + 1 

= C>(|£|- m ax{/3,m}) |£| ^ ^ 


If A = - then 

J p 


E (ni^/uA 

jez 


q\i 


< 


EC“iwwn L,y 

jez 


q\9 


with constant independent of m and f. Similarly if A = max{-, -} and p < oo then 


E ( 2 *w)' 

jez 


q\q 


LP 


< 

rs./ 


E ( 2 ia w 3 - * /i) 

j£Z 


v 1 q 

i 

q\ 9 


Lp 


and in the case p = oo 


sup 

Q 




E 


(2 ‘“ V ’f(x)ydx) 


< sup 
Q 




E 


(2 f °Vj * f(x 


1 

q 
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where again the implied constant is independent of m and f. Note that when q = oo, the 
previous inequality takes the form 

sup sup [ 2 ja p*f(x)dx < sup sup -J- [ 2 ja \Yj * f(x)\dx, 
where we require A = n. 

Proof. The proof follows the arguments used in 0 El C], with Theorem 14.21 replacing 
0 Lemma 2], We only prove the Triebel-Lizorkin case as the Besov-Lipschitz case is 
similar. As the lefthand side of the inequalities only gets larger if we decrease A, we may 
assume max{2 2 } = A < A < min{a + /3, [A] + 1}. Choose 0 < r < min{p, q} with 
max{^} < f < A. An application of Corollary 14.31 together with a decomposition of 
M. n into annuli centred at x, gives the pointwise inequality 

(2 ja <p*f(x)Y <Y J ^ m+a ~ X)rM ^ {k+j)a \^k +] * f\Y)(x ) (46) 

fc>l 


where M(g ) = swp R>0 R n f^ <R \g(x — y)\dy denotes the Hardy-Littlewood maximal 
function, and we used the elementary estimate f Rn jn dy < M(g)(x) which holds 

provided N > n. Therefore, as ^ > 1 5 we deduce that 




LP 


< 


v jez ' 


i 

r 



2 ~ k ^ +a - x)r M{\2 {k+j)a ^ k+j * f \ r ) 

L k> 1 



1 

r 


< 


< 


2^-k(/3-\-a—X)r 

V fc>l 



5] [M(|2^»/r) 


(£ , f\y) 

' oc7. ' 


LP 



1 

r 


where we used the assumption (3 > A — a together with vector valued Hardy-Littlewood 
maximal inequality of Fefferman-Stein [9]. 

The argument in the case p = oo is slightly different and is of a more computational 
nature. Fix a dyadic cube Q and let x G Q. Assume first that q < oo. An application of 
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Corollary 14.31 with r = q gives 

£ Cv;/wr< £ £ 2 -«-^» [_ 




j>-e(Q) k>i 

z £ 


(2 ja \1>j * f(x - y)\Y 


2 jn dy 


£ 

3>-m ■ 


(i + ^\y\) Xq 

(2 ja \ij}j * f(x — y)\) 


-2 jn dy 


\y\<2 e (Q) ( 1 + 24 |?/1) A< ? 

(2 jo \vj * ,f(x - y)|)' 


£ £ 

j>-£(Q) a>l 


a+e(Q) (1 + 2 J \y\) Xq 


■2 jn dy. (47) 


To estimate the first term in (1471) we let Q* denote a dyadic cube with £(Q*) ~ £(Q) such 
that y + Q C Q* for every \y\ ^ 2^ Q d A computation then shows that 


\Q\J q E 


f (2 ja W j *f(x-y)\) q 

*\y\^2 e (Q) (1 + 2^ 12/1) A<? 


:S £ 

i>-dQ)' 


< sup 
Q’ 


2 i n dy dx 


2 jr 


'\ y \^ 2 £ (Q) (1 + 2 j \y\) Xq \Q*\ Jq* 


(2 ja |ipj * f{x)\) q dxdy 


I <51 


'O' 


E (V a \^*f(x)\) 9 dx 


fe-W) 


Thus it only remains to control the second term in (l47lh To this end, observe that for 
j > —£(Q), a ^ 1, and \y\ « 2 a+£ < Q ) we have 


2-h 


(1 + 12/1) A<? 


< 2i( n— ^9)2^( a +t(Q))Aq < 2“ a,(\q—n) c^ — (a+£(Q))n 


where we used the fact that A > -. Therefore 

9 


E E 

j>-hQ) 1 


f {z ja \^j * f( x - y)\Y 

'\y\^ 2 a +HQ) (1 + 19/1) A< ? 


2 jn di/ 


< 


< 


£2-“ 


—a(Xq—n) 


a^l 


sup 

Q' 


j>-m) 


I <51 


( 2 a+€(Q))n J ]x _ y] ^ a+W) 


/ E ( 2 Ja l^*/(u>l) 9cte • 

,Q ' 


E (y a |^-*/(y)|)% 


These two estimates imply the required inequality when q < oo. 

The proof in the case p = q = oo is similar, in fact simpler, so we shall be brief. Fix a 
dyadic cube Q and let x € Q as above. Let j ^ —£(Q). Using Corollary 14.31 with r = 1 
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we get 


2 ja ip*f(x) < 2- (fc - j)(Q+/3 - A) 

k>j 


2 ka \ j) k (x - y) 1 
(1 + 2 k \y\) x 


2 kn dy. 


It follows that, by decomposing the y-integral as before and noting that A > n in this 
case, one obtains 


1 

W\ 



2 ja ip*f(x)dx < sup sup 
Q' k^-t{Q') 



iQ' 


2 \i>k * f(x)\dx 


The proof of the theorem is thus complete. 


□ 


The proof of the p — oo case in Theorem 11.11 requires the following corollary (c.f. the 
proof of Lemma 4 and 5 in the work of Rychkov [18]). 


Corollary 5.2. Let 0 < q < oo, A > and A > n when q = oo. Let k G Z. Then for 
any dyadic cube Q we have 


(fr, [ V (v° v y(x)ydx) <(1 + 1*1); 

VIQI > 


p a , q<oo 


sup Jn\ / 

3>~{t{Q)+k) |Cl JQ 


2 ^*f{x)dx<\\f\\ pi 


Proof. Assume first that q < oo. An application of Theorem 15.11 with if — tp (in which 
case the assumptions (SI), (S2), and (S3) clearly hold) gives 




Thus it is enough to show that for j < 

J W)f( x )) q dx < J ' (p*f(x)) q dx (48) 

where Qf is a dyadic cube with Q C Qf and £(Q') = —j. To this end, note that if 
x, x' G Q', then \x — x'\ ^ 2 n_J ' and hence for any y G R n we have 


(l + 2 j \x' -y\) x ^ (1 + 2 j \x'-x\ +2 j \x~y\) x < (l + 2 j |x-y|) A . 


Therefore the definition of p*f implies that for any x,x' G Qf we have (p*f(x) < p*f{x r ). 
Consequently p*f(x) is essentially constant on cubes of side lengths < 2 -J , in particular, 
we have (|48|) . Thus the result for q < oo follows. The modification when q = oo is done 
in a similar manner to the proof of Theorem 15.11 


□ 
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5.1. Sufficient Conditions. We now come to the proof of the sufficient direction of our 
characterisations which are now a straightforward consequence of Theorem 15.11 

Proof of Theorem \1.3[ We reduce to checking the conditions (SI), (S2), and (S3). The 
condition (SI) is clear. An application of Proposition 13.31 shows that there exists m ^ 0 
such that (S2) holds. Finally the rapid decay of implies that (S3) holds. □ 

The proof of our characterisation with L p replaced with H p , namely Theorem II. 21 again 
follows from Theorem 15.11 


Proof of Theorem [TH Let f E S' be a distribution of growth £ and take 0 G <S with 
f 0 ^ 0. The idea is to show that there exists an s > 0 such that the kernel (p s * if 
satisfies the assumptions (SI), (S2), and (S3) of Theorem 15.11 To check (SI), note that 
by following the argument leading to (14.11) . there exists 0 < 2 a < b and c > 0 such that 
for every a ^ b and £ G § n_1 

\f(t£)\ ^ c. 

Since 0 G S and 0(0) = |0 ^ 0, there exists r > 0 such that |0(£)| > 0 for |£| < r. 
Now as 0 S (£) = 0(s£) we only need to choose s < to ensure that (f s * if satisfies the 
Tauberian condition. Clearly the remaining conditions in (SI) are also satisfied. 

To verify (S2), observe that since <f s * f = 0( |x| £ ), the convolution (0 S * if)j * f is 
well-defined. Furthermore, an application of Lemma [3.21 shows that there exists m such 
that 

\<i>sk*f(x)\ <2\ k \ m (i + \ x \y 


which implies that for any x E M. n , j G Z, 


sup 

yGR n ,k^j 


|(0s*0)fc */(?/) | 2 (j- k)rn < 

(l + 2i\x-y\Y 


(1 + \y\Y 

sup 7-7- 77 

y£R n ,k^j (1 +23\x — y\) L 


2(j-k)m2\k\m 


< 00 . 


Thus (S2) holds. Finally, the rapid decay of d K <f ensures that (S3) holds provided that 
d K if is slowly increasing as |£| —* oo. 

Therefore, we may apply Theorem 15.II together with the pointwise bound \(pj * f(x)\ ^ 
<Pjf(x), to deduce that 

1. 

ll/ll B ? , q £ fe ( 2 '1I hi * ^ * f\\ LP ) q ) q 

~ ( 2iQ || su Pl0t*^*/l|| i p) <7 

' j£Z V t>0 

s(E0 3 1C*/IU) , ) i 

V j 6 Z / 
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where the last line follow from the H p charaterisation of Fefferman-Stein |10j . Similarly, 
the Triebel-Lizorkin case follows via 


pOL ^ 


< 

r^j 


J2( 2ja \ 


i 

q\q 




LP 


(2 ja sup \(j) t * Vh * /|) 


i 

9 \ 1 


j&Z 


t> 0 


LP 


An identical computation gives the p = oo case. Thus the proof of Theorem 11.21 is 
complete. □ 

Remark 5.1. An alternative, more direct proof is possible of the Besov-Lipschitz case in 
Theorem 11.21 The details are as follows. Assume / is a distribution of growth i. Choose 
p G S with p(£) = 1 for £ G supp (p and let ^ < A < [^] + 1. Then from (l45|l we deduce 
that 

j+s 

I Vj*f{x)\ ^ I Vk * <Pj *Pj * V’fc * f(x) | 

k=j-s 
j+s 


< V- \Pj*i’k*f(x-y)\ 

~ k Tp_ s y &«" (1 + 2 J M) A 

< fl MxW>k*f)(x) 

k=j—s 


\Vk * <Pj{y)\(l + y\y\) x dy 


where 


M* x *{g)(x) = sup 


pt * g(x - y) 


t>o, y em. n ^ My 


is the maximal function of Fefferman-Stein and we used the fact that r)(x) = 0(\x 
By the characterisation of H p by Fefferman-Stein [1QJ we have 

\\M?g\\ L p < Mhp 

provided A > -. Therefore 


-n-l-Pl 


)■ 


£ (nfe */imT ~ (£ ( 2 ia \\ M TU’i * /) ID 


jez 


q\q 


< 


£(2‘“ii**/M' 


q\q 


kGZ 


Hence (TlTh is proved. 

We note that a similar argument gives the corresponding Triebel-Lizorkin version as 


F a r5 

P,Q 


£ * /))' 

jez 


q\q 


LP 


(49) 
















CHARACTERISATION OF B-L AND T-L SPACES 


35 


but this does not give (H3 as there is no vector valued inequality relating Mf* with 
sup t>0 \(j) t * g\. Thus we cannot directly deduce (TT5|) from (|49|) and instead need to argue 
via Theorem 15.11 

Theorem 11.31 required d K 0 to be rapidly decreasing to ensure that the convolution 0*/ 
was a locally integrablc function. One way to avoid this fairly strong assumption on the 
kernel 0, was presented in Theorem 11.21 where we replaced the L p norm with the Hardy 
norm H p which is defined for elements of S'. Consequently we only had to make sense of 
-0 j * f as an element of S' rather than L] oc . On the other hand, an alternative approach to 
finding a pointwise definition of the convolution is to instead make further assumptions 
on /. In particular, if we assume that / is a slowly increasing function of order 0 then the 
convolution 0 * / is well defined as a function without the rapidly decreasing assumption. 
This leads to the following version of Theorem 15.11 


Theorem 5.3. Let 0 < p,q ^ oo, a G R, and I ^ 0. Let A ^ 0 and f3 > A — a. 
Assume (1 + | • |)~ l f G L°°. Suppose 0 G L 1 satisfies the Tauberian condition with 
(1 + | • 100(•) G L 1 . Furthermore, assume that 0 G (7 n + 1 + max {MJ A ]}(]^ n \ jo}) with 

= o(kr m “ ,A0i ) m|£|->oo 


for |/c| ^ max{[A], [0} + 1. If A — - then 


j£Z 


q\<i 


Similarly if A = max{^, and p < oo then 


Pl<l 


E * /i) 

je z 


i 

q\ i 


lp 


and in the case p = oo 


F» <SUp( — 
Q M<3I 


I ( 2J “I ^3* f( x )\) qdx )\ 

Q j>-e(Q) 


with the usual interpretation when q = oo (in which case A — n). 


Proof. We begin by observing that for k ^ 0 

10*; * f{ x )\ Z (i + \AY 

which implies that Mg t0 (x, 0) < oo and consequently Mg 0 (x, j) < oo for every j G Z. 
Therefore result follows from Theorem 15.11 □ 


Remark 5.2. Assume a > n/p. Then elements in or in FS n are functions that 
satisfy the growth condition in Theorem 15.31 with l = a — n/p when a — n/p 0 N, and 
i > a — n/p when a — n/p E N (see Remark 12.ip . Hence this theorem readily gives the 
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characterisation of these function spaces without the rapidly deacreasing assumption on 
the Fourier transform of the kernel 0. 


5.2. Necessary Conditions. We now come to the necessary direction of our character¬ 
isation, namely the proof of Theorem 11.11 As in the proof of Theorem 15.11 we follow the 
maximal function arguments used in the work of Bui-Paluszynski-Taibleson [5] [6] \7\. In 
addition, in the case p = oo, we rely also on an argument due to Rychkov [IS] . 

. H-a 

Proof of Theorem \l.l[ We first show that 0 G . To this end, the assumptions on 0 
together with Lemma 12.41 imply that 


\<Pj *00)1 < 



_1_ 

(l+|a;|) 7l + 1 +[ A ] 
21™ 

(1 + 2-7 |x|) n + 1 +l A l 


j> 0 

3 < ti¬ 


lt follows that 


(50) 


||0|| . 2 J( '“ p +m) _|_ a +p) < oo (as a — n/p + m > 0, r > a). 

j> o i<0 

. . . Q> -— 

Let / G B* q or / G F° q . Then / G B oo,<£ by a well-known embedding theorem and 
hence by Theorem 12.21 and Theorem 13.11 after possibly subtracting a polynomial p, we see 
that / is a distribution of growth £, the distribution 0j * f is in fact a bounded continuous 
function, and moreover for every x G R n we have the pointwise identity 


0fc * f(x) = Ifj * 0fc * f(x). 

j &L n 


Since 0^/ only gets smaller if we increase A we may assume A < A < min{m + a, [A] + 1} 
where A = ^ in the Besov-Lipschitz case, and A = max{^, in the Triebcl-Lizorkin case 
(this is possible as we assume that m>A — a). If we now use an application of the above 
Calderon formula we obtain 


\^k*f(x-z)\ 
(l + 2 fc | z\Y 


<E 

jez • 


\^k*(Pj(y)\ 

(1 + 2 k \z\) x 


I <Pj* f(x-z-y)\dy 


< 


E \v,f(0 \l\A * wfa)l (1 ( t+^|+' ) dy ■ 


jez 


A change of variables shows that 


\^k *Pj(y)\ 


(1 + 2i\z + y\y 

(1 + 2 k \z\) x 


dy= / |0*<p i - fc (0)| 


(1 + 2^~ k \2 k z + y\Y 
(1 + 2 k \z\) x 


■dy 


and hence we have the pointwise estimate 


2 ka rj(x) < 

j€Z 


(51) 
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where 


a,j = 2 Ja sup 

zgR" 




(1 + 2 j \x + y\) : 


■dy. 


(1 + |x|) A 

Thus, provided ( aj ) G ( ( Qj .) ^ ^mm{ 9 ,i} j n ^i ie Triebel-Lizorkin case), the first 

part of Theorem ll.il (J6]) and (l8]h follows from Proposition 12. 71 together with the maximal 
function characterisation of Peetre [16]. In fact, using the obvious inequality 


(l + 2i\x + v \) ^ Uni + M) 
(l + |l|) ~1(l + 2>|y|) 

together with the estimates (l50]h we get 


3 >0 
3 <0 


< 


jj^ + |^A-n-l-[A] dy , 

2 j{r - a) f Rn 2^ n (l + \2?y\)- n ~' l "t A] dy, 


3> 0 
3 < o. 


(52) 


By our assumptions, A > [A] ^ 0, r > a, and A — m — ck < 0 by our choice of A, we deduce 
that (dj) G 0.P for all j3 > 0. Hence (ED and (ED are proved. 

It remains to consider the case p = oo. We provide detail only in the case g < oo as 
the modification when q = oo is familiar by now. As in the case p < oo, an application 
of (l5ip together with (T52|) shows that there exists S > 0 such that 


2“WM < £2-w |S2l *-»Vj(_,-/(*). 

jez 


Therefore, Corollary 15.21 gives for any dyadic cube Q 



where, in the second inequality, we also use the g-triangle inequality when q ^ 1 and 
Holder’s inequality when q > 1. Thus (ED follows. 

We now turn to the proof of ((7D, (TTOT) . and (ITT]) . Let <p G S. Since (pt * f satisfies the 
same properties as / (<p t * f G B° q ), we can repeat the proof of (15T| to deduce that 

2 ka \<pt *ip k *f(x)\ ^ 2 k ^* k ((p t * f)(x ) < ^dk-j^tficpt * f){x) 

jez 

with constant independent of t. If we now follow the arguments leading to (ED, (JED, and 
(ED, it suffices to show that 


})(x) < iPjf(x). 


( 53 ) 
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To this end, let /i e S with p — l for 2 1 < |£| < 2 and sup/2 C {2 2 < |£| < 4}. Then 
ipj = (fj * fij and so 


f(x-y) 1 

(1 + 2W 


^ <Pjf{x) 


\Hj * M z ) 1(1 + V\z\) x dz. 


If 2- 7 < j then (l53|i follows easily by changing the order of integration. On the other hand 
if 2 J ^ j, then since 0 G S we use part (i) of Lemma 12.41 to deduce that 


\<k* Pj{ x )\ ~ 


.2-y+i+w t- n 

v t J / 1 + mV +[a]+1 


2 jn 

(1 + 2-?|x|) n+1+ [ A ] 


Therefore (T53|) follows and so we obtain (JTJ), (TTOT) . and (fill) . 


□ 


6. Appendix 

6.1. Proof of Theorems 12.11 and 12.21 


Proof of Theorem, \ 2. 1[ Define 0 G S by letting 0(£) = X^sco <? 2 (2 -J '0 for £ ^ 0 and 
0(0) = 1. Then 0(£) = 1 for |£| ^ 1, 0(£) = 0 for |£| > 2 and moreover for any 
N < 0 < M we have the identity 

M 

Y <Pj * Vj{x) = 4>m{x) - 4>n(x). (54) 

j=N+l 

Let f € S'. Then there exists a > 0 such that for every p e S 


f(p) I ^ Y 


where ||p|| ajJ g = sup x \x a d /3 p(x)\. In particular, for N < 0 and any k we have 


5“(^»/)(i)|=2 k I“I|( 5 ^) jv » / ( x )| 

< 2 JV '-‘I Y sup 

M.M*.**" 

< (1 + |x|) a 2 N ^^ +n ~ a \ 


For N < 0, we define the polynomial Pn(x) as 


Pn{x) 


£ 

|Av|^a —n 


d K ((j>N * /) (0) 

d/ 


(55) 
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(if a < n we can just take Pn = 0 for every N ). By expanding <f N * / as a Taylor series 
about x = 0 and using the bound on d K (cj )n * /) obtained above, we have 

\(pN*f{x)-p N (x)\<\x\ a+1 ~ n Y [ \d K ((pN * f)(tx)\dt 

\k\=ci— n +1 ^ 

< (1 + \x\) 2a+1 ~ n 2 N . 

Consequently we see that f>N * / — Pn —■* 0 in S' as N —> —oo. On the other hand, since 
J 0 = 1 , we have <pM * f —> f in S' as M — > oo. Therefore, the identity (154|1 gives 

°o 

lim (p N + V' tpj * ipj * f ) = lim (j) M * f ~ hm U N * f - p N ) = f 

TV—>•—oo \ LJ / M—>• oo TV— y —oo 

j=N +1 

as required. □ 

A similar argument gives Theorem 12.21 

Proof of Theorem \ 2 . 2 i Let <f> be as in the proof of Theorem 12.11 As previously, the key 
point is to study the convergence of * / as N —* —oo. Define the polynomials Pn(x) 
as 

Pn{x) = Y * /)(0). 

ItKH ^ 

The form of the Taylor series remainder given in m implies that for any N < N 1 
| {f>N * f-PN ) (x) - (f N ' *f~PN') 0 ) | 


< Y I Y *Vj */)(°) 

i-Ttl ' |,KM 7 ' 



If we now observe that 

|a 7 ((pj * w * /)(te)-a 7 ((p i * pj * /)(0)| 

<2 J|71 sup \\(& y (p){t2 3 x + -) - (9 7 ^)(-)|| l iII^j*/IU“ 

0<t<l 

^ll/llfl-, 0 O 2 J ' (l7| -“ ) inm{l,|a;|2^} 

we obtain the inequality 

N' 

\(f>N * f ~ Pn)(x) - (f> N/ * f - p N ')(x)\ <\x\ [a] Y 2 j([al-a) min{l,2- 7 M}. (56) 

j=N+l 

In particular, we have 

\(<j>N * f-p N ){x) - (</> N > * f~PN’)(x)\ < |x|[“] + 1 Y 2^N+l-0 < | x |H+l 2 N'([a] + l-a)_ 

j<N> 
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Consequently 4>N*f~PN forms a Cauchy sequence in S' as N —y —oo and hence converges 
to some g 6 S'. On the other hand it is easy to check that supp cpN * / C {|£| ^ 2 JV+1 } 
and hence we must have supp 'g C {0}. Therefore g = p for some polynomial p and thus, 
from (EH) , we deduce that 


lim 

N—> — OO 


[Pn + Yvj*Vj* f) = f ~ (<t>N * f ~ Pn) = f -P 

k N+l / 


as claimed. 

It remains to prove the growth bound. To this end, let IV < 0 M and write 

MM 0 

Pn + Y Vi * Vi * f = Vi * Pj * f + Pn + Y Pj* Pj * /• 


j=N +1 


3 =1 


j=N+l 


To control the first term, we note that the support of ip together with an application of 
Lemma [2~4l implies that ||p* 2 _J/3 for every (3 > 0. Thus choosing (3 sufficiently 

large we have 


p * 


M 


Y Vj *<Pi*f) o) 


3 =1 


m 


On the other hand, for the second sum we note that if a < 0 then p n = 0 and we can 
simply write 

o 

Y \Vj*Vj*f(x) | ^ ~ 1 

j=N +1 :K0 

which gives the required estimate in the case a < 0. If a ^ 0, we apply (15T) followed by 
(EH) to deduce that 


Pn(x)+ Y Vj*Vj*f(x) | 
j=N +1 

^ \po(x) I + 100 * f(x) - Po{x ) - (<f) N * f(x) - Pn(x)) | 

< (1 + |x|)["l + |x|^ +1 "Yj 2- 7 ^ a l +1_a ' ) + |x|^ Yj 2 jf ^ _ ") 

log 3 (|aj|) -log 2 (|x|)<j<0 


< 1 + |x|^ +1 2 _ ^^ +1_Q ^ log2 ^ a; ^ + 


fog 2 (M) 

2 lo g2(hl) 


a G N 
a £ N 


< 

r^j 


1 + 


|x| a log |x| 

|x| a 


aeN 
a ^ N. 


As before, taking the convolution with p then gives the required estimate. Thus the result 
follows. □ 
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